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Answer all the questions, maximum one can score 50.

1. (a) Let V be a n dimensional vector space over the field F. Let T be a linear map from V
to V such that T 2 = 0. Prove that the image of T is contained in the kernal of T and
hence rank of T is atmost n/2.

(b) Let V be a vector space over the complex number field C. Let f and g are linear
functional on V such that h(α) = f(α)g(α) is also a linear functional on V . Prove that
either f = 0 or g = 0.

(c) LetA be anm×nmatrix with real entries. Prove thatA = 0 if and only if trace(AtA) = 0.

(d) Let V be a finite dimensional vector space over the field F. Show that T → T t is an
isomorphism of L(V, V ) onto L(V ∗, V ∗). [4+4+4+4]

2. (a) Let V be the vector space of all continuous function from R into R. Let T be a linear
operator on V defined by

T (f(x)) =

∫ x

0

f(t)dt.

Prove that T has no characteristic values.

(b) Prove that a nonzero 2× 2 nilpotent matrix over C is similar to

[
0 0
1 0

]
.

(c) Prove that if E is the projection on R along N , then I −E is the projection on N along
R.

(d) Let V be a finite dimensional vector space over the field of complex numbers C. Let T
be a linear operator on V . Prove that T is diagonalizable if and only if T is annihilated
by some polynomial over C which has distinct roots. [4+4+4+5]

3. (a) Let V be the space of n× n matrices over the field F, and let A be a fixed n× n matrix
over F. Let T be a linear operator on V defined by T (B) = AB − BA. Prove that if A
is nilpotent matrix, then charecteristic polynomial of T is xn2

.

(b) Let V be a finite dimensional vector space over the field of complex numbers C. Let
T be a linear operator on V and let D be the diagonalizable part of T . Prove that if
f(x) ∈ C[x], then the diagonalizable part of f(T ) is f(D).

(c) Let V be the space of n×n matrices over the field of complex numbers C, with the inner
product

< A,B >= trace(AB∗).

Find the orthogonal complement of the subspace of diagonal matrices.

(d) Let V be a finite dimensional vector space over the field of complex numbers C. Let T
be a linear operator on V . Prove that T is normal if and only if T = T1 + iT2, where T1

and T2 are self-adjoint operators which commute. [4+4+4+4]



4. (a) Let n be a positive integer and F a field. Let W be the set of all vectors (x1, . . . , xn) ∈ Fn

such that x1 + · · ·+ xn = 0.

(i) Prove that W 0 consists of all linear functionals f of the form

f(x1, . . . , xn) = c
n∑

j=1

xj for some c ∈ F.

(ii) Show that the dual space W ∗ of W can be ‘naturally’ identified with the linear
functionals

f(x1, . . . , xn) = c1x1 + · · ·+ cnxn

on Fn which satisfy c1 + · · ·+ cn = 0.

(b) Let V be a finite-dimensional vector space over a field F and T ∈ L(V, V ). Prove that if
T 2 has a cyclic vector, then T has a cyclic vector.

(c) Let V be a finite-dimensional vector space over a field F and f be any bilinear form on
V . Let W = {β ∈ V |f(α, β) = 0 for all α ∈ V }.
Prove that rankf =dimV− dimW . [4+4+3]
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